This paper shows that any thermodynamic potential fulfilling some thermodynamic stability criterion (e.g. the chemical affinity or the ectropy) can be used as a potential function for the dissipative (pseudo) Port Hamiltonian formulation of the non isothermal Continuous Stirred Tank Reactor (CSTR) model. Besides Brayton-Moser formulation is used to obtain some dissipative Port Hamiltonian representation.
INTRODUCTION
Passivity Based (PB) control gathers controller design methodologies to achieve stabilization of non linear systems by rendering the system passive with respect to some desired storage function. Over the last decade it has been shown that Port Hamiltonian (PH) framework as well as the Brayton-Moser (BM) formulation can be considered for PB control of electrical or mechanical systems (van der Schaft [2000a] , Maschke [2000] ). Unfortunately for thermodynamical systems such as chemical reactors it is not easy to determine the storage function. Indeed the chemical reactor models, and in particular the reference case study known as the Continuous Stirred Tank Reactor (CSTR), belong to nonlinear non-equilibrium thermodynamic systems via the reaction kinetics and irreversibilities of the coupling between matter and temperature. Following the first principle of thermodynamics, the total energy (the energy of the simple system under consideration and its surrounding medium) is conserved. Yet this energy changes of nature moving irreversibly from the material domain to the thermal domain. As a matter of fact the internal energy cannot be considered as an Hamiltonian function because it does not allow to express the inherent irreversibility of the system governed by the second law of thermodynamics. From thermodynamics concepts, some storage have been proposed (Ydstie and Alonso [1997] , Ruszkowski [2005] ). More recently Port Hamiltonian models have been also proposed for thermodynamical systems such as chemical reactors (Otero-Muras [2008] , Hoang [2010a,b] ) as well as Brayton-Moser models formulation Favache [2010] .
Nevertheless in the field of chemical engineering, Powerbased control and the Port Hamiltonian based methodology have been an active research area over the years (Hangos et al. [2001] , Eberard [2007] , Otero-Muras [2008] , Dörfler [2009] , Favache [2009 Favache [ , 2010 , Hudon [2008] , Ramírez [2009 ], Hoang [2010a ).
In Ramírez [2009] , the dissipation term does not capture the inherently irreversible nature of the CSTR and the Hamiltonian is not linked to any thermodynamic variable. The same situation is given in Dörfler [2009] . The use of the physical variables for the Hamiltonian is done in Otero-Muras [2008] , where the authors propose an Hamiltonian representation of closed reaction networks in the isothermal case. In their case the local Hamiltonian is not the Gibbs free energy (as in Hoang [2010b] ) but it is locally linked to the chemical affinity. The use of the irreversible entropy production (due to chemical reaction) as the Hamiltonian potential is proposed in Favache [2010] with some restrictions on the reaction kinetics. However the derivation of the dissipation term is not straightforward. In Hoang [2010a,b] , a thermodynamical pseudo Hamiltonian representation of the CSTRs model using the thermodynamic potentials (Gibbs free energy G and opposite of entropy −S, also called ectropy, for isothermal and non-isothermal cases respectively) as Hamiltonian function is given. The dissipation term is then expressed by the irreversible entropy production due to chemical reaction.
In this paper it is shown that a pseudo dissipative Port Hamiltonian representation for CSTRs can be derived from the BM formulation (Brayton and Moser [1964] ) when a positivity condition (also called thermodynamic stability condition) is satisfied by some chosen potential function. In that sense, the present paper generalizes the results of Otero-Muras [2008] and Hoang [2010a,b] . This formulation is based on a structured representation of systems with the variables directly coming from thermodynamical considerations. We show that the following candidate variables can be chosen as Hamiltonian functions :
• The opposite of entropy −S (extensive variable).
• The square of the chemical affinity A (intensive variable).
In both cases, the dissipation term can be linked to the natural irreversibility (entropy production) due to chemical reaction.
The paper is organized as follows. In Section 2, an overview on the links between the BM formulation and Port controlled Hamiltonian representation is given. In Section 3 the CSTR case study is presented and analyzed from a thermodynamics based viewpoint, and the concept of thermodynamic availability is recalled. In Section 4, we present a stability criteria for thermodynamic variables and the decomposition of the availability into the thermal and material parts for CSTRs. This stability criteria is then used to find the solution of the BM formulation for the CSTR in Section 5. As a consequence, the Port Hamiltonian modeling is easily obtained.
PORT CONTROLLED HAMILTONIAN REPRESENTATION AND BM FORMULATION
Let us consider open chemical systems that are affine in the input u and whose dynamics is given by the following set of ODE's :
where x ∈ R n is the state vector, f (x) ∈ R n represents a smooth nonlinear function with respect to x, g(x) ∈ R n×m is the input-state map and u ∈ R m is the input.
Brayton-Moser formulation
BM formulation (Brayton and Moser [1964] ) requires :
(1) to find a non singular matrix Q(x) : R n → R n×n such that its symmetric part is negative definite :
where the exponent t holds for the matrix transpose.
(2) to write the system dynamics (1) in the following equivalent form :
with 1 P (x) : R n → R is some smooth potential function with respect to x.
By identifying (1) and (3), we obtain the following relations :
The necessary and sufficient conditions for the existence of (3) is the symmetry of the Hessian matrix H(P ) of P (x) :
1 ∇x represents the gradient operator in x Remark 1. The Brayton-Moser formulation requires in general some heavily mathematical calculations in general. Different applications of the BM formulation to CSTRs can be found in (Favache [2009 (Favache [ , 2010 ).
Links with the Port controlled Hamiltonian formulation
Because Q is invertible, the BM form (3) can be rewritten as follows :
Since any square matrix can be split into two parts (symmetric part and skew-symmetric part), (7) can written on the following form :
The dynamical equation (8) 
where:
The smooth function H(x) = P (x) : R n → R represents the Hamiltonian storage function (or the energy); J(x) = −J(x) t and R(x) = R(x) t ≥ 0 correspond to the natural interconnection and damping matrices, respectively. u, y ∈ R m are the control input and the output, respectively, and are power conjugated port variables.
The energy balance immediately follows from (9) :
The system (9) is passive in the sense that the dissipation: Remark 2. The dissipative Port Hamiltonian formulation is related to the existence of a geometric interconnection structure called the Dirac structure. This linear structure implies that J and R may depend only on x, and that the matrix R necessarily fulfills the strictly positive definite condition, ∀e = 0 : e t R(x)e ≥ 0. It is not the case for chemical reaction systems (see Hoang [2010a,b] ) for which J and R may depend on e. Nevertheless the structure of J and R can be exploited through the dissipation property (12). In that instance, it is known as the pseudo Port Hamiltonian formulation (12).
CSTR CASE STUDY

Classical model of CSTR
Let us consider a CSTR with one possibly reversible reaction involving 2 chemical species A and B :
where ν A and ν B are the stoichiometric coefficients. Note also that the net reaction rate r is equal to : r = r f − r r (14) where r f and r r are the forward and reverse reaction rates respectively. This implies that ν A < 0 and ν B > 0.
Let us consider the following assumptions :
(A1) The fluid mixture is ideal, incompressible and under isobaric conditions. (A2) In the inlet, the reactor is fed by the species A and B at a fixed temperature T I . The inlet molar flow rates (F AI , F BI ) are used as inputs.
(A3) The heat flow rate coming from the jacketQ J is given by the following expression :
with λ the heat exchange coefficient.
Thermodynamics based view for CSTR modeling
In a thermodynamics based view, the system variables are divided into extensive variables (such as the internal energy U , the entropy S, the volume V , the molar number N i ) and intensive variables (such as the temperature T , the pressure P , the chemical potential µ i ). This set of variables is not unique. As an example in isobaric conditions, the enthalpy H = U + P V can be used instead of the internal energy U . From Euler's theorem (Callen [1985] ) we get :
Since the entropy S is also an extensive variable, we get :
(16) can be written in a compact form as follows :
with
As a consequence, w(Z) is a homogeneous function of degree 0 of Z.
The dynamics of the system is then given by considering the energy and material balances :
where
t andQ J are the inlet and the outlet flow rate vectors, the stoichiometric coefficient vector, the inlet molar enthalpy vector, the molar enthalpy vector, and the heat flux coming from the jacket, respectively.
Let us complete the system dynamics representation by the entropy balance. Indeed using the local equilibrium hypothesis (De Groot [1962] ), (18) can be written :
The entropy balance of S can also directly be written from the second law of thermodynamics :
where Φ s and Σ s are the entropy exchange flow rate with the environment and the irreversible entropy production, respectively. The source term Σ s is always positive from the second law of thermodynamics. From (20)(21) we have (see Couenne [2006] ) : Finally let us introduce the definition of the total chemical affinity:
The expression of Σ reac. s can thus be derived from (24) and (25) : Σ reac. s = A rV ≥ 0 (26) Note that the inequality in (26) always holds for any reaction kinetic constant. We can see that the affinity A and rV have the same sign for any evolution; if A > 0 (resp. A < 0) then rV > 0 (resp. rV < 0) and if A = 0 then rV = 0. In other words, the reaction always evolves in the direction of decreasing affinity.
THERMODYNAMIC STABILITY CRITERION FOR CSTR
In the following we define the notion of thermodynamic stability criterion that can be used as a sufficient condition to derive some port Hamiltonian models from the Brayton Moser formulation. We shall see this criterion is strongly related to the second law of thermodynamics (concavity of the entropy function) . Definition 1. Thermodynamic stability criterion. A thermodynamic potential P (N A , N B , H) satisfies the so called thermodynamic stability criterion if :
Let us now show that both the chemical affinity (25) and the ectropy (defined as −S) satisfy the thermodynamic stability criterion. Lemma 1 first gives a property related to the chemical affinity, generalizing some results given in (Favache [2010] 
Proof. From (25) :
Taking into account that − µj T = ∂S ∂Nj (see (18)), we have :
Multiplying (29) by ν i and summing for i = A, B, we obtain :
(30) can also be written in the following quadratic form (31) : 
Using (26) and (28) one can show that (27) is satisfied. 2
Note that the inequality in (27) always holds for any reaction kinetic constant. We can see that the potential P and rV also have the same sign for any evolution.
THERMODYNAMICALLY PORT HAMILTONIAN BASED CSTR MODELING
In what follows we consider that the total mass m t is constant. As a consequence, the outlet molar flow rates can be expressed directly from mole fractions and inlet flow rates of the different species involved in the reaction as:
where M i is the molar mass of species i; i = A, B and m t is the total mass. (19) can then be rewritten by using (32) as follows :
In Hoang [2010b] , it has been shown that the internal energy of the system can be chosen as an Hamiltonian function. The system is then naturally under Hamiltonian form without dissipation. However this formulation does not allow to express the inherent irreversibility of the reaction from the thermodynamics point of view. As a consequence, the entropy representation has to be considered and the state variables are chosen as Z = (N A , N B , H) t . In this section we show that the proposed criterion (see Proposition 1) can help to obtain a Port Hamiltonian representation with dissipation using the BM formulation for the system (33). We only consider here the non isothermal case (yet the isothermal case can be deduced by the same procedure). Proposition 2. In the entropy representation, if the thermodynamic potential P given in Proposition 1 verifies the following condition :
then the dynamics (33) can be represented as a Port (pseudo) Hamiltonian system (9) with x = ( N A , N B , H ) t and with :
where 0 < α < 1 and β > 1 are two scalars and with :
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(1 − α)
The input-state map is g given by (35) and the input u and the output y are given by :
Finally the system is passive with dissipation (12) :
Proof. The proof is done by using the BM Formulation (see Section 2) and contains two parts.
Part 1: We write (33) into the BM formulation. Let us consider Q(x) on the form:
By imposing q 13 = q 23 = q 32 = 0and identifying the other terms from (4), one obtain :
all of the principal minors determinants of −(Q + Q t ) have to be positive. So we have :
Therefore we have the following relations :
Using condition (27) and after some mathematical manipulations, we obtain :
where 0 < α < 1 and β > 1 are two scalars and b, c and e are given in (40).
Part 2: From (47) we have :
with :
with ∆ is given as in (40). By using the expression of the matrix Q(x) system (33) can be written on the form (7) (or equivalently (8)). The Port Hamiltonian representation is then given by (9) with H(x) = P (x). We obtain for the structure matrices J in (38) and R in (39). (41) immediately follows. Finally the dissipation term d (12) is given by :
With R given by (39) and
t rV, the quadratic form (48) becomes :
By considering (40) for ∆ and b, the expression of d in (42) follows. It is negative using (27). 2 Remark 3. Note that the dissipation d (42) does not depend on α and β. Remark 4. In the irreversible reaction, the condition (36) is met because r > 0. In the reversible reaction we can show that the condition (36) is also met by using the fact that the chemical affinity (25) 
where k(T ) > 0 is the kinetic constant and R is the gas constant. (49) and (50) 2 with C = constant and z is the affinity A .
CONCLUSION
In this paper we have developed a thermodynamic stability criterion for CSTRs. Furthermore in the non isothermal case, we have proposed links between the Brayton-Moser formulation and Port (pseudo) Hamiltonian modeling of CSTR with one liquid-phase reaction ν A A = ν B B. The key result is that a solution of the Brayton-Moser formulation can easily be found by using the proposed criterion. As a consequence, the dissipation term of the Hamiltonian modeling captures the natural irreversibility due tonchemical reaction.
